
Measure Theory with Ergodic Horizons
Lecture 6

Null and measurable sets.

Bef
. A measure space is a triple IX

,
B

,
M)

,
where B is a realy on the set X and

is a meashe on B .
The measure space IX

,
B
,M) is called standard if X is a

Polish space ,
B : = BIX)

,
and M is refinite.

Not
. Given a measure space (X

,
B

,M) ,
a set E -X is called u-null if ZI

where EEB and M() = P
,

Denote by Nulle the collection of all -will sets.

For sets A
,

B
, we write AzuB if AmB is M-mull.

Call a set MEX Memeasurable if M =MB for come BEB
.

Denote by Measu
the collection of all h-measurable sets

. Equir.
,

M = BAZ where zeNulla.

Propo Let (X,
B

, M) be a measure space.

(a) Nullm is a Fideal
,

i. e . is closed downward under - and underthl unious.

(6) Measu is a Tralgebra ,
in fact

, Measu = BU Nallm >
+.

Proof
. (a) If En) are will ats

,
then -EnER with En > Eu and MEs) =0

,
10

UEVnEB unMEEN

1) The closure under complements follows from : M =B/=> M= B Since
MaB = M'a B') .
For atbl unious

,
let Mu =BuEB .

Then UMa =B because

(UMu) AlVBal : VIMuABu) ,
which is wall h byluE(N he(X

Prop .

Let (X
,
B

, M) be a measure space.

SBUZ : BER and Ze Nullu) = Measu = 4 BIZ : BeB and ZENalle?
Proof. Enough te show ? Measu .

Let McMeasu so M =MBEB ,
i

. e
.

Z := MAB is wall.



B M Z

Ju
Equivalently

, MFBAZEzbeawillatina7B)let B' : = Bl

and M = 51/B1AV(ELBNE).
Remark

.
It is a HW exercise do check that for a finite premeasure on 1

,
the r-algebras all

in both Caratherdory's and Tao's proofs are exactly &BAZ : BECAT and Ziss-wall

Def
.

A measure space (X
,
B

,
M) is called complete if B = Measu

Prop(completion). Every measure space (X
,
B

,
M) admits a unique completion,

i
.

e.

there is a unique extension of M to a measure in on Measu
.

Proof
.

For existence
,

for any McMeasu ,
write it as BVZ and define i (M) := (B).

We needhe show that this definition is independent of the choice of B
.
Indeed,

if B
,
VE

,
= BzUEz

,
where Bied and Zi is Momall

,
then

M (B1) = M/B ,
VE , VEL) >_MIB2) ,

hence also M(B1) =NIBal by symmetry.
For -additivity ,

let (Mul be pairwise disjoint monecurable sts and let

Mu = BuLlEn where ButB and ZnENulIM .
Then

14Ma)= (4Buw4Zz) : MILBal because LBuEB and
LEn is wall,
"Then M14Bu) = [M(Bul=: Mul .

For uniqenee ,
if I was any other extension to a measure on Measu ,

the
for each MEMeasu ,

let M = BWZ where BER and ZENalle .

Hence

M(B)= 0 (B) = v (M) = v (BLE) = v (B) + (E) = M(B) + m(z) = M(B)
so 2(M) = M/BI = M(M) ,

where EXE is a wall set from B.

In the future
, given any measure space (X

,
B
,
M) ,

we will always be working
with its completion to and still denote it by M .

In particular
,

we will



write M(M) = 0
.

7 for a set ME Measu that's in 23.

Remark on cardinalities of B(X) vs . Measu . Let /X
,
B

, Ml be a standard measure space with 141 = continuum.

(a) There are continuum many open
sets : let [Mahnes be a ctbl basic

.

The

end open set U can be encoded by XeE2" ,
where

Xa(n) := 4t ifIn
Then U1 Xn is an injection of the collection of open at into 21.

(8) There are continuum
many Bond sets :

let 20 demote the collection of open sett .

For each oll ordinal d,
ifIs is defined

,
the we define

#j : = + In : = [B" : Beza) .

And if In is defined for all Bad ,
then

Za := [VBn : Buettin for Pa
Also let Ai := Z: Mi?. Then

-HW

B(X)

B(x) = VZi=A = Ut
< W, LW !

One chows by induction on Gar ,
Het each Zi has size - continuum

,

nouce B(X) has sizerontinuum bene continuum x 201 = Continuum.



(2) (Measyl = 2continuum y continuou
.

This is beame there are will bts E of size continuum
,

e . g .
the standard

Cantor set in 10
,

13
,
and all subsets of z aree-wall heae m-measurable,

i
.c

.

P(Z) ? Measu ,
so Measulez' = I continuum.


